The electromechanical coupling of piezoelectric materials leads to many applications ranging from sensors to actuators.
1,2 The PZT [lead zirconate titanate, Pb Ti 1Àx Zr x ð Þ O 3 ] family has served as the prototype of piezoelectric materials as its piezoelectric response attains both high value and good temperature insensitivity. 3 Nevertheless, PZT is currently facing global restrictions due to Pb 2þ toxicity, and therefore, there is urgent demand for Pb-free alternatives. [4] [5] [6] To enhance the piezoelectricity of Pb-free alternatives so that it approaches that of PZT, it is important to establish a phase boundary between two ferroelectric phases in the composition-temperature phase diagram. 7 When a compound is placed in the vicinity of the ferroelectric phase boundary (at a certain composition and temperature, usually room temperature), the polarization and/or structure instabilities give rise to a strong piezoelectric response. [4] [5] [6] [7] However, this only ensures high piezoelectricity at a certain temperature. To maintain high temperature reliability, i.e., large response over a wide temperature range, the phase boundary should be close to vertical in the temperature-composition phase diagram. 6, 8 The phase boundary for PZT, known as the morphotropic phase boundary (MPB), certainly approaches being vertical. 3, 9 MPB composition, x ¼ 0.48, PZT remains in the MPB region in spite of temperature variations, giving rise to excellent temperature reliability in its piezoelectric properties. 10, 11 Strictly, the MPB region includes orthorhombic or monoclinic phases identified by diffraction or microscopy studies. In contrast, the measurement data in this work do not resolve these phases, and thus, we treat the MPB as a single boundary.
Although several Pb-free substitutes can already compete with PZT in their d 33 (with d 33 ¼ 500-600 pC/N) values, almost all of them have inferior temperature reliability compared to PZT. 7, [12] [13] [14] [15] [16] The reason is that the phase boundaries in Pb-free systems are tilted or curved in their compositiontemperature phase diagram, especially for the BaTiO 3 -based systems. 7, [17] [18] [19] The recently reported Ba Zr 0:2 Ti 0:8 ð Þ O 3 À x Ba 0:7 Ca 0:3 ð Þ TiO 3 (BZT-xBCT) system possesses a tilted/ curved phase boundary. 7, 20 As the temperature deviates from the phase boundary, the compound is brought away from the instabilities controlling response, and consequently, the magnitude of its response drops. Therefore, a serious obstacle for Pb-free substitutions is the temperature sensitive behavior, which originates from a tilted/curved phase boundary in the composition-temperature phase diagram. Nevertheless, fundamental variables or descriptors that determine the "verticality" of the MPB first need to be established, that is, we lack a design rule for vertical MPBs.
Crystal chemical descriptors can permit accurate predictions of properties such as ionic displacement, 22 the phase transition temperature, 23, 24 and tetragonality. 25 Phenomenological models and scatter plots have been used to capture trends in experimental data, including those for solid solutions. Statistical models have also been formulated to predict compounds with targeted properties, such as high Curie temperatures. 26 It has already been shown that an MPB in the composition-temperature phase diagram can be established by combining a compound undergoing a cubic (C) to tetragonal (T) phase transition at one end with another undergoing a cubic (C) to rhombohedral (R) phase transition at the other end. 7 For example, the combination of Ba Zr 0:2 Ti 0:8 ð Þ O 3 at the R-end with Ba 0:7 Ca 0:3 ð Þ TiO 3 at the T-end leads to the discovery of the Pb-free systems with good piezoelectric performance.
These phase diagrams with different chemistries at their two ends are characterized by phase boundaries with varying degrees of "verticality." Therefore, knowledge of how the phase boundary changes with different dopants and their concentrations at the two ends of the phase diagram offers an opportunity to probe the descriptors that determine the verticality of the phase boundary. Our goal in this work is to identify the descriptors for the shape of the MPB in lead-free piezoelectrics.
We focused on the BaTiO 3 -based systems and combined the T-end and R-end compounds with different phase transitions (C ! T or C ! R) to establish an MPB in the pseudobinary phase diagram. The Ca 2þ doped BaTiO 3 was chosen as the T end, and Sn 4þ ; Zr 4þ ; Hf 4þ doped BaTiO 3 was chosen as the R end. We explored 20 BaTiO 3 based systems and 3 Pb-based systems. 3, 9, 27, 28 Table I in supplementary material lists the data for systems used in the present study. We note that because of differences between the phase diagrams determined by different investigators and methods, four of the 20 BaTiO 3 based systems have been reported by our group [17] [18] [19] [20] and the rest were fabricated in this study using the same processing conditions to minimize variability due to processing and microstructural effects. Within each phase diagram, the MPB is a function of the transition temperature s and concentration x (relative fraction of two ends in the binary composition-temperature phase diagrams). Figure 1 (a) shows a typical experimental phase diagram with an MPB between tetragonal and rhombohedral ends and the three ways we defined the "verticality" of the MPB. The linear slope a, the polynomial coefficient a 2 , and the composition interval Dx represent the degree of curvature or shape of the phase boundary and they are linearly correlated, as shown in Fig. 1(b) . We chose the linear slope a for simplicity.
As piezoelectrics are electromechanically coupled, polarization and strain serve as the primary and secondary order parameters. Thus, we considered parameters related to strain and polarization for both ends of the phase diagram. The two ends of the phase diagram usually possess differing unit cell volumes, as the dopants and their concentrations are different. We take the ratio of the unit cell volumes at the two ends (r V ) as our descriptor related to strain. This is given by r V ¼
, where V T and V R are the unit cell volumes of the T-and R-ends, respectively. For our R-end with 29, 30 Similarly, the effective lattice parameter for Ba 1Àm Ca m ð Þ TiO 3 , the T-end, is given by a ¼ 4:00999 À 0:148m, if m is lower than a threshold of 0.35, above which the lattice parameters are almost constant. 31 The unit cell volume for Ba Ti 0:8 Hf 0:2 ð Þ O 3 and Pb-based systems are taken from the literature. 32, 33 Note that Vegard's law is usually valid for systems containing single dopants but not for multi-component systems; thus, the volume of the two ends is actually not easy to obtain. The calculated r V values for BaTiO 3 based systems in this study are within the 0.8836-0.9529 range, whereas those for Pb-based systems are within 0.9261-0.9723. Figure 2 (a) illustrates the significant variation in the slope a with the descriptor r V . Two distinct trends are observed in BaTiO 3 -based and Pb-based systems. In both cases, the slope, a, increases monotonically with increasing r V , but the Pb-based system has a slope almost 7 times larger. As shown in Fig. 2(a) , for BaTiO 3 -based systems, it is difficult to generate a similar vertical phase boundary as PZT. For example, even if one can make a BaTiO 3 system with the same r V as FIG. 2. The dependence of the slope (a) of the MPB as a function of (a) the descriptor r V (the ratio of the unit cell volume at the two ends) and (b) the descriptor r P (the ratio of ionic displacements at the two ends). Inset magnifies the region of BaTiO 3 based system. The error bar indicates the error of linearly fitting to the phase boundary.
032907-
PZT, the expected slope is only 980, 6 times lower than that of PZT. Such distinct behavior is likely connected to the presence of transitions to lower symmetry phases in BaTiO 3 , and the absence of such transitions in PbTiO 3 . According to Fig. 2(a) , it appears that the linear dependence for both systems converges at the point (1,0), indicating that when the unit cell volumes are the same for the two ends, there may not exist an MPB line in either system. Therefore, Fig. 2(a) suggests that the larger the unit cell volume difference is, the more vertical is the MPB.
As for the ratio of unit cell volumes, we anticipate that the polarization difference between the two ends of the phase diagram plays a similar role in determining the slope of the MPB. It is known that ionic displacements correlate strongly with the polarization for ferroelectric perovskites (although for more quantitative treatment of polarization, it is important to include the electronic contribution term in addition to the ionic term), and the ferroelectric transition temperature, T c , in certain systems has been shown to increase quadratically with the displacements. 34, 35 Here, we define displacements in terms of the symmetryadapted distortion-modes associated with the Cubic (C) to T and C to R phase transitions and these are used to calculate D A T and D B R , respectively, 21 (see the supplementary material for details). Since, we consider solid solutions in this work, D A T and D B T are then uniquely described as a mole fraction of these mode amplitudes that are calculated for the pure compounds. We thus utilized the ratio of displacements at the two ends (r P ) as our descriptor related to polarization, given by Figure 2(b) shows how a increases with r P in BaTiO 3 -based systems. This behavior is similar to that for r V , but the correlation is not strong. The < 2 values for r V and r P are 0.7754 and 0.5209, respectively. The weak correlation between slope of MPB and r P indicates that only the ionic contribution to the polarization (as we did for r P ) is not adequate to determine the slope of the MPB. The electronic contribution to the polarization should also play an important role. Nevertheless, it is clear that the larger the polarization difference, the more vertical is the MPB.
The dependence of the slope of the MPB on unit cell volume ratio (r V ) and ionic displacement ratio (r P ) shown in Fig. 2 offers simple guidelines for vertical MPBs. That is, a vertical MPB can be achieved by combining two ends with a large difference in the unit cell volume and ionic displacement. Statistical regression based on the two descriptors (r V and r P ) can provide good predictions for the slope, as will be shown in the last paragraph. However, the use of the two descriptors (r V and r P ) to design piezoelectric systems requires information of lattice parameters and ionic displacements as a priori knowledge. In most cases, this requires diffraction measurements or densitiy functional theory (DFT) calculations, and therefore is not easy to obtain in advance. Thus, simple descriptors that are easily accessible are more meaningful for materials design. We therefore introduce two descriptors which correlate well with r V and r P , respectively.
We define a parameter which is determined from lattice parameters to replace r V . It has already been shown that the ionic size can be used to predict bond lengths. For example, Shannon and Prewitt assigned a particular ionic size and obtained the bond length by adding the ionic radii of the two atoms. [36] [37] [38] In the perovskite ABO 3 structure, in order to characterize the A-O and B-O sublattice competition, the ionic size is also utilized to define the so-called tolerance factor t as
Þ , where R A , R B , and R O are ionic radii of the A 2þ ; B 4þ , and O 2À ions, respectively. 39 In the case of r V , the volumes at the two ends are related to the lattice parameters, which in turn are related to the ionic bond lengths. Thus, we can replace r V by the bond length difference at the two ends, which in turn is related to the ionic radii. An additional consideration is that the T-end is always obtained by doping BaTiO 3 at the A site and the R-end is obtained by doping BaTiO 3 at the B site. We consider this doping to give the dominant contribution. Therefore, we define the ratio of ionic radii at the two ends, r R , as our descriptor that replaces r V. This is given by r R ¼
, where R A T is the ionic radii of the A site ion at the T-end, and R B R is the ionic radii of the B site ion at the R-end. The ionic radii data are taken from the literature 37 and the ionic radii for the solid solution were determined from the mole fraction of the ions.
Limiting ourselves to BaTiO 3 -based systems, Fig. 3  (first and second columns) shows that r V and r R are positively correlated with a correlation coefficient of about 0.91. We plotted the slope, a, in both Pb-based and BaTiO 3 -based systems as a function of the parameter r R in Fig. 4(a) . Again, two classes of behavior can be observed corresponding to the BaTiO 3 -based and Pb-based systems, respectively. In both cases, the slope a increases monotonically upon increasing r R , similar to r V. The slope of the Pb-based system is 7 times larger than BaTiO 3 . Thus, r R and r V are closely correlated and r R can replace r V as a design descriptor. 
We can similarly define an easily accessible descriptor that plays the same role as the ionic displacement ratio, r P , in determining the slope of the MPB. The r P is from the ionic displacements at the two ends, which are closely related to the polarization strength of the cations in the perovskite structure. A so-called effective ionic potential / has been considered as a measure of the degree of polarization of the cations. 40, 41 It is defined as / ¼ Z Ã =r, where the effective nuclear charge Z Ã ¼ Z À Rs, Z is the atomic number, Rs is the shield factor, and r is the ion radius. 40, 41 Therefore, the degree of polarization can be considered to be proportional to the effective nuclear charge Z Ã . 42 We considered the difference in the effective nuclear charge Z Ã between the T and R ends to play the same role as the ionic displacement ratio, r P . We similarly used the effective nuclear charge at the A site of the T-end and that at the B site of the R-end for r P . Therefore, we define the ratio of ionic radii between the two ends, r Z , as our descriptor related to polarization, and it is given by r Z ¼ Within the BaTiO 3 -based systems, Fig. 3 (third and fourth columns) shows that r Z and r P are negatively correlated and the correlation coefficient is about 0.78. We plotted the slope, a, in both Pb-and BaTiO 3 -based systems as a function of the parameter r Z in Fig. 4(b) . In BaTiO 3 -based systems, a increases monotonically with increasing r Z , similar to r P . The correlation between r Z and a is even better than that between a and r P with a coefficient of 0.72, as shown in Fig. 3 . However, the Pb-based system does not have such a linear correlation, and a better descriptor that can capture the polarization behavior is still needed. Thus, in summary, r R and r V are closely correlated and r R can replace r V as a design descriptor.
With the above selected descriptors, we were able to model the slope, a, to predict unexplored pseudo-binary phase diagrams. A linear regression model based on the descriptors works very well. We compared three linear models: (i) using all four descriptors r V , r P , r R , and r Z ; (ii) using r V and r P , and (iii) using r R and r Z . We used the method of "bootstrap resampling" to create a large number of samples characteristic of the population. We first constructed 1000 "bootstrap" samples and developed 1000 different linear models from our 20 data points (phase diagrams). With predictions from the 1000 different linear models for all the data points, we estimated the mean and standard deviation of the training set. Figure 5 compares the results of our three models. It is clear that our model using all four descriptors outperforms the other two, as shown in Fig. 5(a) with R 2 ¼ 0.834. Figure 5 (b) shows the second best model, using r V and r P with R 2 ¼0.779. However, these models have the limitation that r V and r P are not easy to obtain for unexplored or un-synthesized systems. FIG. 4 . The dependence of the slope (a) of the MPB as a function of (a) the descriptor r R (the ratio of the atomic radii at the two ends) and (b) the descriptor r Z (the ratio of effective nuclear charge at the two ends). The inset magnifies the region of BaTiO 3 based system. The error bar indicates the error of linearly fitting to the phase boundary.
FIG. 5. Linear regression models, (a) using all four descriptors r V , r P , r R , and r Z ; (b) with r V and r P , and (c) using r R and r Z . Error bars are estimated from 1000 bootstrap samples.
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Xue et al. Appl. Phys. Lett. 111, 032907 (2017) Figure 5 (c) shows the performance of the model with r R and r Z . The model is fairly good and without overfitting. Therefore, it can be used to predict the slope of the MPB for any combination of dopants at the two ends.
As noted previously, the MPBs in BaTiO 3 based systems are not "morphotropic" in the sense that there is no abrupt composition induced transition between T and R phases and an intermediate phase (orthorhombic or monoclinic phase) always bridges the T and R phases. Thus, a method to further improve the predictive model is to identify descriptors that capture the presence of the intermediate phase.
In summary, from our study of correlations, we find that the descriptors r V and r P have the most influence on the slope or verticality of the MPB in both BaTiO 3 based and Pb-based systems. The slope a is found to decrease monotonically with the unit cell volume ratio (r V ) and the ionic displacement ratio (r P ) of the tetragonal (T) and rhombohedral (R) ends (r V ). As r V and r P are not easily accessible, especially for multicomponent systems, we have proposed two descriptors to represent them. A descriptor defined by the ratio of ionic radii between the two ends replaces r V , while a descriptor defined by the ratio of effective nuclear charge between two ends substitutes r P . Based on these descriptors, machine learning algorithms can be employed to predict the slope of the MPB for unexplored systems. Our study provides a potential selection rule for developing Pb-free piezoelectrics with high temperature reliability.
See supplementary material for the definition of the ionic displacement and the training dataset.
